JOURNAL OF AIRCRAFT
Vol. 39, No. 5, September—October 2002

Velocity Field Above a Rotor Disk
by a New Dynamic Inflow Model

Jorge A. Morillo* and David A. Peters’
Washington University, St. Louis, Missouri 63130

The potential flow equations are converted to ordinary differential equations through a Galerkin approach
in which velocity and pressure potential functions are expanded in terms of closed-form solutions to Laplace’s
equation. Because the method gives differential equations for the flow in terms of a relatively few generalized
coordinates that represent modes of the flowfield, the resultant equations can be used effectively in preliminary
design, real-time simulations, and dynamic eigenvalue analysis for aeroelasticity. This new theory is more general
than the Peters-He dynamic wake model because it has a more rigorous derivation and includes inflow modes
previously neglected in the Peters-He model. Results are presented in the frequency domain for simple harmonic
motion. The complete velocity field above the disk is obtained by this new methodology, for axial and skewed flows,
for various skew angles, and for different pressure distributions and are compared with the Peters-He model and
with an exact solution obtained by a convolution integral.

Nomenclature
A = area on the rotor disk plane (z =0) corresponding
to the on-disk surface
A-B = dotproductof A and B
am, a” = cosine-inducedinflow expansion coefficients
B = area on the rotor disk plane (z =0) corresponding
R to the off-disk surface
br, b = sine-inducedinflow expansion coefficients
= surface area of the upper-half volume at infinity
Dy = elementof [D]
[D] = damping matrix
H" = [(m+m—=D!Nn—-—m—DN]/[(n+m)!(n—m)!!]
K = @/ Hy
LG = elementof [L]
[L] = influence coefficient matrix
My = eclementof [M]
[M] = mass matrix
m,r = harmonic numbers
n,j = polynomial numbers
(n)!! = double factorial of n
mN=m)y(n—2)(n—4),...,(2),n=even
m=m)(n—-2)(n—4),...,(1),n=o0dd
ol=1=nHit=1;
(=2)!'=o00; (3! =—1
p = pressure divided by V2 p (nondimensional)
P (v) = normalized Legendre function of first kind
4 = pressure
on(in) = normalized Legendre function of second kind
R = rotor radius
S = surface of integration, A+ B+ C
s = rotor disk plane (z=0), A+ B
t = time
t = nondimensional time, Q¢
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14 = volume of integration, corresponding to the
upper-half volume of the inflow

Voo = freestream velocity

14 = induced velocity vector divided by V,

v, v, vy = radial, axial, and aximuthal induced velocity
components

X,y,z = nondimensional rotor disk coordinates, coordinate
divided by R

Am = mass flow per unit area

Onj = Kroneckerdelta

n = freestream velocity V,, divided by QR

A, AT = cosine and sine parts of test potentials

v, n, ¥ = ellipsoidal coordinates

& = nondimensional coordinate along freestream line,
positive upstream

= airdensity

sy, o) = velocity potential expansion coefficients

T = reducedtime, thatis, nt =V, t/R=t

7', ;" = cosineand sine parts of pressure coefficients

@ne, ¥ = cosine and sine parts of pressure potentials

X = wake skew angle

e it = cosine and sine parts of velocity potentials

w = reduced frequency

\Y% = Laplacean operator

Subscripts

. = n-+meven

o = n+modd

Superscripts

-1 matrix inverse

* = derivative with respect to reduced time,

that is, /0t

Introduction

ITT and Peters! used principles of potential flow theory to rep-

resent the axial componentof the induced velocity at the rotor
diskin terms of a finite number of inflow states. They obtained an un-
steady flow model that gave excellent correlation with wind-tunnel
response data throughout the frequency and advance ratio range.
However, despite the unquestioned success of this Pitt—Peters in-
flow model, it has only three inflow degrees of freedom: 1) uniform,
2) fore to aft, and 3) side to side.
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Later, Peters et al.> showed how the Pitt—Peters! ideas could be
truly generalized to a theory with an arbitrary number of inflow
harmonics and an arbitrary number of radial shape functions per
harmonic. They? showed how the general theory could reduce in
specialcases to the old Pitt—Peters model' as well as to Loewy theory
and Prandtl tip-loss theory. This new theory was used to correlate
unsteady wind-tunneldatafromthe NASA Langley Research Center
wind tunnel for various planforms, thrust coefficients, and advance
ratios.> The match in both steady and unsteady distributions was
excellent.

The Peters—He model® representsa mature dynamic inflow model
that is now used in many production codes, including 2GCHAS
(government code), FLIGHTLAB (Advanced Rotorcraft Technol-
ogy), COPTER (Bell Helicopter), ONERA-DFVLR (European
Community), and many university applications.

The inflow models described in the preceding paragraphsare for-
mulated such that the states of the model represent induced flow
distributions on the rotor disk (expanded radially as polynomials
and azimuthally as Fourier coefficients). The first-order differential
equations for these states depend on the freestream impingement
angle, flight speed, and thrust level. However, they are all in closed
form in terms of a mass matrix and a damping matrix, such that they
are easily assembled either into a comprehensive code, an eigen-
valueanalysis,or a flight simulator. This makes the model extremely
efficient.

However, in many of the applications, such as ground effect
work,* it is necessary to find not just the normal flow at the disk,
but all three components of flow off of the disk as well. Peters and
Morillo® presenteda consistentmethodologyfor computing all three
componentsof the flow in axial flow, both on and off of the rotor disk
within the context of a finite state model. The model is formulated
in a manner fairly similar to previous work (in that the potential
functions in ellipsoidal coordinates are used). However, in contrast
with the previous work, the states represent velocity potentialsrather
than individual flow components. In addition, all potential functions
are considered (not just the ones that have a pressure discontinuity
across the disk), and the derivation of the equation coefficients is
done in a more consistent and rigorous manner than in the earlier
derivations. The result is a simpler derivation and a more complete
inflow theory for the velocity both off and on the disk. Previous
dynamic inflow models in axial flow are shown to be special cases
of the new model when off-disk coupling is neglected. This new
methodology,based on a Galerkin approach, provides the exact so-
lution on as well as off the disk for the axial velocity componentin
axial flow.

In this paper, the concepts introduced by Peters and Morillo® are
extended to analyze skewed flow cases.

Fluid Dynamics Equations
The three-dimensionalflow equations(momentumand continuity
equations) for the pressure and velocity fields P and v, with a free-
stream velocity V., are

av av
;—a—$=—VP (D)
V.v=0 2)

As with earlier inflow models, V,, can be generalized to include
heavy lift and hover, but here it is treated as a constant.

Equations (1) and (2) have been nondimensionalizedby defining
P aspressuredividedby p me, v as induced velocity divided by Vi,
and time as a reduced time 7, thatis, time multiplied by V,, /R. The
variable £ is the nondimensional coordinate along the freestream
line, positive upstream. All lengths are divided by the rotor radius
R. Figure 1 shows the coordinate system.

From continuity [Eq. (2)], it can be seen that, if v is represented
by a gradient of some function W, it is clear that ¥ will satisfy
Laplace’s equation. It can also be shown that P satisfies Laplace’s
equation. Therefore, P can be expressedas a summation of pressure
potentials @, and v can be expressedas a summation of the gradient
of velocity potentials W.

// v=0

Z

Fig. 1 Coordinate system.

New Formulation

Pressure Potentials and Velocity Potentials

To transform Eqgs. (1) and (2) by a Galerkin method, it is required
to expand the pressure potential ® and the velocity potential ¥ in
terms of a complete set of functions that satisfy Laplace’s equation.
In addition, they have to fulfill the boundary conditions for pressure
in the case of ® and for velocity in the case of W.

The boundary conditionsfor pressure are given by a discontinuity
across the rotor disk. The ellipsoidal coordinate system® has a dis-
continuity in v across the rotor disk, and this allows representation
of discontinuities across the rotor disk. An additional advantage of
using an ellipsoidal coordinate system is that an analytical solution
of Laplace’s equation is known and can be expressed as

" (v, m, ) = P (v) Q" (in) cos(myr) 3)
" (v, m, ¥) = P"(v)Q" (in) sin(m ) )

where 15,;” (v) and Q:’f (in) are normalized associated Legendre func-
tions of first and second kind.

Because P (v) with n +m oddis an odd functionof v (as well as
a function that satisfies Laplace’s equation), Egs. (3) and (4) can be
used as the expansion functions for the pressure potentials. On the
otherhand, P;" (v) with n +m even is an even function of v, but its
derivative with respectto z is an odd function of v on the disk. Such
functions can be used to represent mass sources at the rotor disk.
Therefore, P can be written as a summation of terms that includes
both pressure discontinuitiesand mass-sources terms. Additionally,
it can be shown that the pressure potentials ®/ result in velocity
distributions with infinite kinetic energy.” Therefore, these are not
included in the pressure expansion:

P Y eyt rwer] )

m=0n=m+1

The boundary conditions for the velocity field are that 1) the
velocity field far away from the rotor is equal to zero and 2) there
is a velocity discontinuity any place a vortex or vortex sheet exists
in the flowfield. These discontinuities only exist at the rotor blades
and within the rotor wake.

If the velocity field domain is limited to the infinite upper-half
volume above the rotor disk (Fig. 2), the functions to be used in
the velocity expansion need not fulfill any discontinuity conditions.
Note that, in the case of perfectly edgewise flow, the wake is located
on the rotor disk plane. Thus, no convergence of this methodology
is expected on the trailing region off the rotor disk because the as-
sumption for the velocity potentialsis no longer valid in this region.

To satisfy strongly the upstream boundary condition for the ve-
locity field at infinity, the velocity potentials are defined as

w=fww, w%f¢ws
§ §

m=20,1,2,...,00, n=mm+1,m+2, ...,00 (6)
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Fig. 2 Volume and area
of integration.

This strongly ensures a zero velocity upstream. As & approaches
infinity, W' approaches zero. The velocity v is taken as

v = Z Z ar(n)V wre + b () V wr) (7)

m=0n=m

where W)'¢ and W, are defined by Eq. (6).
Substitution of Egs. (5) and (7) into Eq. (1), allows Eq. (1) be
written for cosine terms as

ow e o —
Sy (v vEEe)- 3 v

m=0n=m m=0n=m+1
(®)

Only the cosine terms are listed because sine and cosine com-
pletely decouple. However, an identical set of equations can be
written for the sine terms.

Galerkin Approach

To reduce Eq. (8) to a set of ordinary differential equations
for the velocity coefficients in term of the pressure coefficients, a
Galerkin approachis applied. In a Galerkin methodology, Eq. (8) is
premultipliedby the gradientof each one of some test functions A in-
tegrated over the domain, and the integrals are set to zero. Addition-
ally, the test functionsare defined from the same set of functionsused
to expand the pressure potential ® and the velocity potentials W,

re _ dgre s _ &S
AT =9, A=

r=0,1,2,...,00, j=rr+1L,r4+2,...,00 (9

The resultantintegrals over the upper-half volume are reduced to
integrals over the surface by applying the divergence theorem. The
surface S canbe subdividedinto three areas: two of them are located
on the rotor disk plane (z =0), s, and correspondto the on-disk area
A and the off-disk area B, and the third one corresponds to the area
on the dome C (Fig. 2).

The pressure potentials @', velocity potentials W), and test
functions A’ are such that all of the integrals over the dome sur-
face C become zero. Therefore, the surface of integration becomes
the rotor disk plane (z=0), s, and the conservation of momentum
equation becomes

Z Z// o’ [— (/ o d§> d&: + a§> } ds

m=0n=m

dme

_22//@6

m=0n=m+1

r=20,1,2,...,00, j=r,r+1,r+2,...,00 (10)

or
i i// — (/ dgdA"'” + <1>) ds

m=0n=m

_22// ,q)m

m=0n=m+1

r=20,1,2,...,00, j=rr+1L,r4+2,...,00 (11)

Equations (10) and (11) constitute two different forms of the mo-
mentumequation.Each oneis a set of ordinarydifferentialequations
for the velocity potential coefficients in terms of the pressure coeffi-
cients. From Egs. (10) and (11), it is observed that, for these sets of
functions, the application of the divergence theorem allows one to
move the derivative with respect to the unit-outward normal direc-
tion, 8/0z, from the velocity potentials W' (or from the pressure
potentials ') to the test functions A’S. At this point, note that
the @' with n +m odd are zero on the z =0 plane off the disk B,
whereas the z derivatives of ®/' with n + m even are zero on region
B. Because of this, the divergence theorem can be utilized with ap-
propriate choice of d/dz position such that all terms are zero on
region B. The resultis a set of integrals that need only be evaluated
on region A (on disk) for which they can be evaluated in closed
form. The expression obtained after applying this procedure can be
condensed in the following equation:

(L1{ay )+ ay} = (p1{zr<} (12)

where each one of the elements of the L and D¢ matrices are known

in closed form. The expressions are shown in Appendix A.
Equation (12) is valid for any skew angle x, and the skew angle

appears in the equation in the expressions for the wake influence

coefficient matrix L. This equation can be partitioned into two row
groups and two column groups such that m +n (or j +r) is odd
or m+n (or j+r) is even. These matrices are organized in the
following way:

jAr=oddi[j+r=odd, ‘|

n+m = odd i n 4+ m = even {{n—l—m:odd}}
T I SRR I (13)
j+r=even, [i| j+7r =even, ‘ {n +m = even}

n+m = odd E n +m = even J

If only odd terms are taken, this reduces to the Peters et al. model 2
If Eq. (12) is organized as suggested in Eq. (13), it can be parti-
tioned as

*

Eletine ] HELY, 20000 ] (100
[Lc]e.o H [L ]e.e &* [DC]F.D H [D ]e.e {&:?}e

[L?_“Jef_- [_195135} ter, 0
[D ]e.o |[D ]e.e {Tm}e

Potential Function Expansions
The nondimensional pressure drop and mass flow added to the
velocity field (both across the disk), and the velocity everywhere in
the upper-halfplane can be computed for the cosine terms as
Ap
PV,

= [Plower - Pupper]n:()

m=0n=m+1,m+3,...

Pz "”) cos(mvr) (15)
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Am
,OTOQ = [Plower + Pupper]n:()
=2) Y. Bro(ee), costmip) (16)
m=0n=m-+2,m+4,..

v = Z Z arv e = Z Z arv (f o7 d§> (17)

m=0n=m m=0n=m

From Eq. (17), it is seen that, to compute the velocity field, it
is required to compute the velocity potentials W' by numerical
integration

vy = f ) d (18)
§

To avoid numerical integration and to be able to express the ve-
locity potentials in terms of potentials known everywhere in the
flowfield, a change of variable from & to a" is introduced

am T
{ar) ) ={ar) forons, +arere ) a9)
The constants 0," and ¢," are chosen such that the new velocity

potential will give no singularities when gradients of it are taken.
This results in

ol = 1/KV@n+D@n +3)((n+ 17 —m?)  (20)

¢ = 1/K" (4n? — 1(n? — m?), n#m  (21)

where

( 1)n+m

K" = il B H" (22)
n 2 n

" (n+m)!(n —m)!!

Equation (19) can be used to express the velocity potentialsin ax-
ial flow.” If a Galerkin approachis applied to Eq. (19), the following
relationship can be obtained:

{'\m} [L ]7 [M ]{ m} (24)

where
M) =L, —o (25)
and where [Zf] is the same matrix as defined in Eq. (12) and in

Appendix A.
If Eq. (19) is substituted into Eq. (17), it yields

m oM Pme m gyme
=3 Y @vlorer trer) (o
m=0n=m+1
Because

a( lnq>lnc . + §mq>f,w,1)

n+

— = o, n>m  (27)

the axial component of the velocity is given by
U —_ Z Z m ¢Iil(f (28)
m=0n=m+1

The other components of the velocity are given by the folllowing
experssions:

m=0n=m+1

+
Fl::() 0 0 gwme qwme

, = mp _”+ —_—l 29

== DD BCI Gt SpRe Ty e

a
m=0n=m+1

w=Ed D TR =2 Y maryy o)

m=0n=m+1 m=0n=m+1

If Eq. (24) is substituted into Eq. (12), the set of ordinary differ-
ential equations for the velocity coefficients in terms of the pressure
coefficients for skewed flow becomes

(M1 {a '”}+[D“][L 1'vefar} =0z} G

In axial flow, this equation becomes

[M]{ Ill}+[DC]{ m} [DC]{ mc} (32)

which is the equation presented by Peters and Morillo.’ Thus, the
equation presented in previous work for axial flow is a particular
case of Eq. (31) when x =0.

As shown in Eq. (31), the inverse of L¢ needs to be computed to
determine the induced velocities. Thus, the inversion properties of
this matrix need to be analyzed. Le is well conditioned at any skew
angle for the number of odd and even terms includedin the solution
being as high as 25 harmonics, and each harmonic includes terms
with the highestpower of 7 equal to the number of the corresponding
harmonic. This is equivalentto saying that L¢isa 364 x 364 matrix.
This procedure to determine the number of radial terms is known as
the table method.> When the number of harmonicsis greaterthan 25,
L¢ becomes ill conditioned. Because the [ZC]M partition is always
well conditioned (equivalent to the inflow influence coefficient on
the Peters—He model’), the conditioningproblem of the complete Le
can be eliminated by truncating the number of even terms included
in the velocity and pressure potential expansions. If the truncation
process eliminates all of the even terms the Peters—He model is
obtained.

Results

Results will now be presentedthat show velocity fields as obtained
by this new methodology. The complete velocity fields at z=0
and z = —r are presented for pressure distributions as well as mass
injectioninputdistributions.Comparisons will also be made with an
exact convolution solution in the frequency domain’ (Appendix B)
and with the Peters—He model.? Recall, however, that the Peters—He
model, only gives results for the axial component on the disk for
pressure inputs. No off-disk flow and no flow due to mass sources
can be found by the Peters—He model.

The convergence of the results will be determined by compar-
ing the exact results obtained with the convolution approach with
the results obtained with the Galerkin approach. The error norm E
between two distributions v; and v, is defined as

fr L (=) V1 —rirdr
frzr vfﬂr dr

For the Galerkin approach, two errors can be defined. One for
the on-diskregion (r, = —1 andr; = 1), and one for the on/off-disk
region (r, = —2 and r, = 2) at an azimuth angle .

In Figs. 3-9, the Galerkin approach includes 20 harmonics for
the odd terms and 16 for the even terms. The number of radial
function terms is obtained by applying the table method,® and the
test functions do not include the ®/ terms.® Also, unless otherwise
noted, the velocities are computed for ¢ = 0-180 deg, a fore-to-aft
slice.

Figures 3-5 show the results for the three velocity components
in axial flow (x =0). Figure 3 shows the frequency response for
the first cyclic pressure distribution @) at the rotor disk plane
(z=0) and at a frequency w="7.3. At this frequency, the Peters—
He model® presents the maximum error compared with the exact
solution (13.5%) (Ref. 5). Figure 3a shows the results for the axial
component of the induced velocity. A 1% agreement between the
Galerkin solution and the exactsolutionis observed on and off disk.
On the other hand, the Peters—He model® introduces an error in the
on-disk solution near the edge of the rotor. In Fig. 3b the result for
the radial componentof the induced velocity is shown. Again, excel-
lent agreement between both solutions is observed in the in-phase
as well as the out-of-phaseresponse. [The induced velocity must be

(E)* = (33)
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Fig. 3 Frequency response w=7.3,P= fD;, and x =0 deg: X, convolu-
tion; ——, Peters-Morillo model’; and - - -, Peters-He model.
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Fig. 4 Frequency response w=>5,P= ng, and x =0 deg: X, convolu-
tion and ——, Peters-Morillo model.’

continuous across the disk center. Therefore, v, must change sign
for a cos(y) input like @} .]

Figure 3c shows the frequency response for the azimuthal com-
ponent of the induced velocity. For this component, the induced
velocity for any collective pressure or collective mass injection case
(m =0) is zero. This is also true for cyclic inputs (m =1) at ¢ =
0 or 180 deg. Therefore, in Fig. 3c the values are computed at y =
45-225deg. Again, the Galerkin solution providesthe exactsolution
both on and off the disk.

Figure 4 shows the axial and radial components of the induced
velocity when the inputis the first collectivemass source distribution
@9 (n +m = even)atafrequencyw = 5.0. The convergencefor mass
flow is as excellentas is that for a pressure drop.

Next, attention is turned to computation of the velocity compo-
nents not at the rotor disk plane but at one radius above the rotor
disk (z = —r). This is shown in Fig. 5 for the same pressure distri-
bution, skew angle, and frequency as that of Fig. 3. Some important
observations can be taken from Fig. 5 by comparing it with the re-
sponse at the rotor disk plane (Fig. 3). First, the Galerkin solution
matches the exact solution over the whole domain of the x values,
asitdoes at z =0. Second, the induced velocity above the rotor disk
is considerably smaller than the one at the rotor disk.

In Figs. 6-9, the same pressure and mass source distributions
are analyzed but for two different skew angles x =45 and 75 deg.
Figure 6 is for the first cyclic pressure distribution ) at a skew
angle y =45 deg. The Galerkin solution converges to the exact
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Fig. 5 Frequency response w="7.3, P=<I>;, x=0 deg, and z=—1:
X, convolution and ——, Peters—-Morillo model.®

solution in-phase as well as the out-of-phase. The error in the on-
disk region is 1.5% and for the entire region is 7.3%. The average
error on the Peters—He model® is 9.7%, and it is largest in the region
close to the edge. For a mass source input distribution ®9 (Fig. 7),
the convergence toward the exact solution is excellent. The on-disk
erroris 1.5% and on the on/off diskis 6.9%. In both Figs. 6 and 7, the
convergence of the methodology is slower on the trailing off-disk
region for x < —1.5.
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-2 -1.5 -1 -0.5 0 0.5 1 1.5 2
X
Fig. 6 Frequency response w = 7.3,P=<I>;, and x =45 deg: X, convo-
lution; ——, Peters-Morillo model’; and - - -, Peters-He model.3
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Fig. 7 Frequency response w=5,P= <I>(2’, and x =45 deg: X, convolu-
tion and ——, Peters-Morillo model.’
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Fig. 8 Frequency response w = 7.3,P=<I>;, and x =75 deg: X, convo-
lution; ——, Peters-Morillo model’; and - - -, Peters-He model.3
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Fig. 9 Frequency response w=5,P= <I>g, and x =75 deg: X, convolu-
tion and ——, Peters-Morillo model.’

Figures 8 and 9 are for a much steeper skew angle, x =75 deg.
The input in Fig. 8 is ®]. It is observed that, for the on-disk area,
the Galerkin approachis converging toward the exact solution with
an error of 6.5%. For the off-disk leading-edgeregion, the Galerkin
approach gives a good correlation. For the off-disk trailing-edge
region, as expected, the method is converging more slowly due to
proximity to the wake The total on/off-disk error is 46.5%. In this
case, the Peters—He model® is as accurate as the Galerkin approach
(6.2%). Similar behavior is observed in Fig. 9. The on-disk error
is 7.6% and the on/off-disk error is 39.1%. Note that for events
very near the edge of the disk, the Peters—He® and Peters—Morrillo’
results are indistinguishablein Figs. 3-8.

Conclusions

1) The conservation of mass and momentum equations (partial
differential equations) are transformed to a set of ordinary differen-
tial equations in state-space form. This transformationis done by a
Galerkin approach.In this Galerkinapproach,testand trial functions
are assumed to have the structure of the potential-flow functions uti-
lized in the Peters—He model® but including terms with n + m even
as well as n +m odd. These ordinary differentialequationsare writ-
ten in matrix form, and they representrelations between the velocity
coefficients and the pressure coefficients. The new methodology al-
lows one to compute the complete velocity field, that is, all three
components, everywherein the volume above the rotor disk. There-
fore, the flow off the disk can be computed, as well as the flow at a
distance z above the disk.

2) All of the elements of the matrix formulations are developed
in closed form, and they are functions of the skew angle x. There-
fore, this new formulation is still an extremely efficient model for
preliminary design, real-time simulations, and dynamic eigenvalue
analysis for aeroelasticity. Additionally, because the structure of
previousinflow modelsis kept, it can be easily incorporatedinto the
codes in which the Peters—He model® is actually used.

3) The equations are successfully applied in a frequency analysis
for axial flow as well as for two different skew angles, x =45 and
75 deg. They hold for pressure excitations (n + m = odd) as well as
mass source forcing functions (n +m = even).

4) For axial flow, this new methodology gives the exact solution
for all three components of the induced velocity on as well as off
the rotor disk.

5) For skewed flows, x =45 deg, the results for the axial com-
ponent of the velocity on the disk show that this new methodology
provides a more accurate value than the Peters—He model® for the
on-disk values. In addition to that, it computes the velocity off disk,
for the leading as well as the trailing edge. From the results for
off-disk area close to the leading edge, the methodology provides

the exact value, whereas for the area close to the trailing edge, the
convergence of the methodology is slower.

6) For skewed flow close to perfectly edgewise flow, x > 75 deg,
the Peters—He model® converges faster than the new model obtained
by a Galerkin approach. On the off-disk region upstream from the
leading edge, the new methodology convergesto the exact solution.

Appendix A: Closed-Form Expressions

Mass matrix:

o — 2D on+ DRI+ D

o JHIH? (n+ )+ j+2)[(n = j)? = 1]

r=m, Jj+r =odd, n+m = odd (A1)

rm __ 1
" JHIE N Qn+ DR+ D)
r=m, j=n=xl, Jj+r =odd, n+ m = even
r=m, j=n=xl, Jj 4+ r =even, n+m = odd
(A2)

gy 8 CDerR e+ DRI+ D

jn m gm / / — 7)2 —
o JHIHT (i )+ + 20— )T — 1]

r=m, Jj +r =even, n+m =even (A3)

M =0, r#m (A4)

jn
Damping matrix:

1
D'm —= S

n Km Jn
n

r=m, Jj+r =odd, n+m = odd

r=m, Jj +r =even, n+m = even (AS)

D" = 2 \ (ZJ + 1)(271 + 1) (_1)(j+3nfl)/2
" a JHEHT (Gt D —n)

r=m, Jj+r =odd,

n +m = even
r=m, Jj +r =even, n+m = odd (A6)

D"=0, r#m (A7)

jn

Influence coefficient matrix:

(L5) =x"(r5) (A8)
(Z:Zlc) — (X\m*r\ + (_l)lx\m+r\)(l—v;zz) (A9)
(Z‘;’::) — (X\mfr\ _ (_l)lx\m+r\)(l—~;zz) (AIO)
where
X = tan(%), ! = min(r, m) (A11)
o sign(r — m) 5
jn - jintl
\/W\/(Zn +DQ2j+1
r+m = odd, Jj +r =odd, n+m = odd

r +m = odd, Jj +r =even, n+m=-even (Al2)
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pm _ DR @ V@A DRI+ D

mJHIH (n+ )+ + 20— )2 — 1]

r +m = even, Jj +r =odd,

o _ DO 2R®) Jn + D@+ D)

T mr JHEH (n+ )+ 4 2)[0n— ) — 1]

n+m=odd (Al3)

r +m = even, Jj +r =even,

(—1)Gn+i+2m =024y sign(r —m)y/(2n + 1)(2j + 1)

n+m =even (Al4)

l"itlll —
o nJHMH(n+ )(n+j+2)(n — j) —1]
r +m = odd, Jj+r=odd, n 4+ m = even
r +m = odd, Jj +r =even, n+m=odd (AlS)
rm 1
jn = . - 6j.nil
,/H,'I”Hj\/(Zn +D2j+1
r +m = even, Jj +r =odd, n+m = even

r +m = even, Jj +r =even, n+m=odd (Al6)

(—pyrtm

K= (%) Hy (A17)
—D!'n—m—D!
! (n +m)(n —m)!!

Appendix B: Exact Solution
The exact solution for the complex velocity for a simple harmonic

excitation

U (x,y,2) = i(x,y,2) + jwx, y,2),i =z,F, % (B1)

can be obtained by a convolution integral,

£
ué, = f cos[w(é, —&)]1G, (§) d& (B2)
+00
£
w(&,) = f sin[w(§, — §)1G7 (§) d& (B3)
+00
where
dPre
_— 1=z
0z
m a¢:lllc [
G, (&)= PRt i=r
Loy
Fooy B (B4)
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